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Abstract 

Multidimensional contractions of irreducible representations of the 
Cayley-Klein orthogonal algebras in Gel'fand-Zetlin basis are considered. 
Contracted over different parameters, algebras can turn out to be iso- 
morphic. In this case method of transitions describes the same reducible 
representations in different basises, say discrete and continuons ones. 
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1. Algebra so(3;j) 



In spite that algebra so (3) is isomorphic to algebra it (2), we shall 
consider it separately, because algebras so(3;j), j = (j'1,.7'2), m contrast 
to u (2; ji), allow contraction over two parameters. Under transition from 
so (3) to so (3; j) generators are transformed as follows: Xqi = jiX^—*), 
X02 = JiJ?2^o2 ( — 5 -^12 = 32X*2(—>), and the only Casimir operator is 
transformed as ^(j) = JiifQK - [1 ? 2] . Gel'fand and Zetlin [3] have also 
found irreducible representations of algebra so (3) in the basis, determined 
by the chain of subalgebras so (3) D so (2); they are given by operators 



X^ 2 \m*) =im* 1 |m*), 
*oiK> = \A m t 2 - miiXm^ + + l)|m^ + 1)- 

~\l (™* 2 + ™!i)(™i2 - m *n + l)Ki - !)}> (1) 
*o* 2 K> = ^K 2 " m*i)(™i2 + ™n + l)hn + 1)- 
-\/ (™*2 + mu)(m*2 ~ ™ti + %n - 1)}, 



where the schemes | to*), enumerating the elements of Gel'fand-Zetlin or- 



thonormed basis, are | to*) 



in 



12 



TO U 



Ito^I < to* 2 and components to*^, 



to* 2 are simultaneously either integer, or half-integer. Spectrum of Casimir 
operator is C 2 (m\ 2 ) = m\ 2 {m\ 2 + 1). 

Component m\ x is eigenvalue of operator X* 2 , for this reason its 
transformation is determined by transformation X^ 2 , i.e. tou = j^to^. 
The transformation of component m* 2 can be found from the requirement 
of determinacy and non-zero spectrum of Casimir operator 62(77112) = 

•9 \ -9 .9TO12 / 7Tll2 \ , ■ ■ \ 

= JiJ2^2 H) = J1J2 — — + 1 = m 12 {m 12 + JU2) under contrac- 

J1J2 / 

tions, i.e. TO12 = j\3\ra\ 2 . Then we find from (1) operators of representa- 



tion of algebra so (3; j) 



Xi2\m) = %m\\ \m), 



x oi\m) = 7^-{\/(mi2 - iimn)(mi2 + h m \\ + jij2)\m 11 +32)- 

472 

-\J ("ii2 +3im 11 )(m 1 2 -jimu + jij 2 )|^ii - J2)}, (2) 



^02!^) = — { -\/ (mi2 -jiTOii)(mi2 +jimn +~jij2)\m 11 + j 2 ) + 
+ V (m 12 +iimn)(mi2 - jimu + J1J2) |"^n -J2)}, 

where the components of scheme | m) satisfy inequalities |mn| < 777,12/ ji- 
Operators (2) satisfy commutation relations of algebra so (3; jf), which 
can be checked up straightforwardly [1] . The representation is irreducible. 
This can be established, as in the case of unitary algebras, by action of 
rising and lowering operators on vectors of major and minor weights. 

For ji = ii the relations (2) give irreducible representation of algebra 
so(3;l 1 J 2 ) = 10{2;j 2 ) = {X i,X 02 } 35 {^12}: 

Xi2\m) = imu \m), 
Xoi\m) = ^^(|mn +j 2 ) - \mn - j 2 )), (3) 

2j2 

Xo 2 \m) = -toi 2 (|toh + 32) + \m u -32)), 

where m\\ integer or half-integer, and myi G K, win > 0. The eigenvalues 
of Casimir operator C 2 (Li,j 2 ) are m\ 2 - 

For 32 = 12 we obtain from (2) irreducible representation of algebra 
so (3; .71,12) = {^02,^12} © {^01}: 



X 12 \m) = imn|m), X 02 |m) = z-y/ mf 2 - jfmfjm), 

XI \ / 9 -9 9 I W -2 ^11 1 \ 

oi|m) = \Jm{ 2 - 3{m{ 1 \m) 11 - 3l ———=—=\ m ), 

V 2v/mf 2 - 3{m{ x 

where mn,mi2 G K and |mn| < mi2- 



(4) 
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Ceasing to fix the coordinates xq, x±, x 2 in where group SO(3; 

j) acts, we can easily prove isomorphism of algebras so (3; ti, 1) and so (3; 
l,i 2 ). Then (3) for j 2 = 1 and (4) for j\ = 1 give description of ir- 
reducible representation of algebra IO(2) in discrete and continuous ba- 
sises, correspondingly, in infinite-dimensional space of representation. Dis- 
crete basis consists of eigenvectors of compact operator Xi 2 with integer 
or half-integer eigenvalues —00 < ran < 00. Continuous basis consists 
of generalized eigenvectors of noncompact operator X 12 , which eigenval- 
ues are ran G M, |ran| < mi 2 . Celeghini [4-6] has considered close to 
ours approach to contraction and irreducible representations of orthogonal 
groups 5'0(3), SO(5), related with singular transformation of components 
of Gel'fand-Zetlin schemes. 

Two-dimensional contraction ji = ti, j 2 = i 2 gives irreducible repre- 
sentation of ( two-dimensional) Galilean group (algebra) so(3;t): 

-2Q)i|«7.) = rai 2 |m) n , X 12 \m) = zran|ra), 

X 2\ , m} = im 12 \m), (5) 

where rai2,ran G K, mi 2 > 0, —00 < ran < 00; C 2 (i) = m\ 2 . 

d 

The result of action of generators on the derivative I m)\ A = — 1 m) 

can be found, applying a generator to both sides of equation | ra)' n = 
2 

= 7^—(\ m n + L 2) - I "7,11 - 1*2))- In particular, X 12 \ m)u = im\\ | ra) n + 
li 2 

+i I ra). 

2. Algebra so (4; j) 

To determine an irreducible representation of algebra so(4;j), j = 
= (ji 5 j2,j3), it is sufficient to give representation of generators Xoi,Xi 2 , 
X 23 . Using the formulas from monograph [7], we can change indices of 
generators according to the rule: 4 — > 0, 3 — > 1, 2 — > 2, 1 — > 3. Then 
Gel'fand- Zetlin representation corresponds to the chain of subalgebras 
so (4; j) D so (3; .72,^3) ^ so (2; j 3 ), where so (4; j) = {X^, fi < v, fi,v = 
= 0,1,2,3}; so(3;j 2 ,j 3 ) = {X^, \i < u, fi,u = 1,2,3}; so(2;j 3 ) = 
= {-^23}- Representation of generators X 23 , X 12 is given by (2), where 
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indices of generators and parameters j must be increased by 1 , and scheme 
mi2 



m) 



has to be substituted for 



m) 




(6) 



The rule of transformation for components m* 2 , m* x can be found by 
consideration of algebra so(3;j): m* : = j^m^, m\ 2 = l m n| — 

< mi2/j2- It remains to derive the transformation of components m* 3 , 
m 23 , which determine irreducible representation. To this aim we consider 
spectrum of Casimir operators for algebra so (4), found by A.M.Perelomov 
and V.S.Popov [8], A.N.Leznov, I.A.Malkin, V.I.Man'ko [9]: 

CI = m* 13 {m* 13 + 2) + m? 3 , C 2 *' = -(m? 3 + l)m* 23 , (7) 
as well as the rule of transformation 

■p— 1 n—p+l 



u^n-m+i n h p ) c 2p{x„ n h 1 

m=l l=p ' ^ l=ii+l 

f +1 ( n_1 )/ 2 \ / ^ \ 



(8a) 



m=l 7 x 

for Casimir operators under transition from so (A) to so(4;j) [1]: 

c 2 (j) = jhhic^), c 2 (j) = hjlhc* 2 \^)- (8) 

Requiring eigenvalues of operators C2G7) and C' 2 (j) to be determinate 
expressions under contractions, we get from (7), (8) for C 2 (j) 

m 12 m 2 3 = jij2h™>h m h- ( 9 ) 

This equation (if transformations of components mi3, m23 involve only 
the first powers of parameters j) gives possible rules of transformation of 
these components. 
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Let us write down possible variants of transformations of irreducible 
representations of algebra so (4) into representations of algebra so (4; j) as 
well as transformed spectra of Casimir operators 

1) "7,13 = hh™i& m 23 = hh^2^ 

C 2 (j) = jim 13 (m 13 + 2j 1 j 2 ) + jfm 2 23 , (10) 
c 2(j) = -(jn 13 +jij2)m 23 ] 

2) m 13 =j 2 m* 13 , m 2 3 = jihh™>2& 

C2U) = m\ 3 + jfjim 13 (m 13 + 2j 2 ), (11) 

c iU) = -( m i3 + J2)m 23 ; 

3) mi 3 = jij2jsml 3 , m 23 = J 2 m 23 , 

C 2 (j) = m 13 (m 13 + 2jij 2 j 3 ) + jfjiml 3 , (12) 

C LU) = -( m 13 + J1J2J3)W23- 

Considering (7), (8) only for operator C 2 (j), the following variants are 
admissible: 

4) TO13 = hhh^xz-, ^3 = TO23, 

C 2 (j) = m 13 (m 13 + 2j 1 j 2 j 3 ) + 3hhi m lzi ( 13 ) 
C2U) = -J2(m 13 + Jij 2 j 3 )w23; 

5) mi3 = m* 3 , m 23 = hhh™?,^ 

C2U) = m\ 3 + j!jijim 13 {m 13 + 2), (14) 
C2C7) = -J2(m 13 + l)m 23 

and other variants of transformations of components m* 3 , m 23 , which 
include not all parameters j, up to variant 777-13 = TO *3? TO 23 = TO 2 3- 

Considering contraction j = t, we see that general nondegenerate 
(with non-zero eigenvalues of both Casimir operators) representations of 
contracted algebra so (4; 1) come out only in the case of transformations 
"2" and "3". In the case of transformations "1" we get C 2 (t) = 0, in the 
case of transformations "4", "5" -C' 2 (i) = 0. Under other transformations 
both Casimir operators have zero spectrum. 
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Let us consider variant "3". In this case components of scheme "1" 
satisfy inequalities 



m 13 TO13 ^ mi2 . | | mi2 . , , E v 

> |m 23 |, — > — > |m 2 3], — > |mu|, (15) 



JU3 



32 



interpreted for imaginary and dual values of parameters j according to 
the rules represented in [10]. Using (12) and rules of transformations 
for generators X 01 = jiXfc, X 02 = jij 2 X$ 2 , x vi = hhh x o^ we find 
operators of irreducible representations of algebra so(4;j): 



J2J3 



X 01 \m) = imuPlm) - —aJm 12 (mj 2 - j|mf 1 )|mi 2 - .72.73) + 



1 



3233 



a(m 12 + 3233) yj (m 12 + J2J3) 2 - j| m iil m i2 + J2J3), 



X 02 \m) = -P[y/(m 12 - j2m 11 )(m 12 + j 2 m 11 + j 2 j3)\m 11 + j 3 ) + 
+ V( m i2 - j2m 11 )(m 12 -j 2 mn + J2J3) - h)]- 



2j3 



V (m 12 - j2m 11 )(m 12 - j 2 mn - j 2 j 3 ) 



m 12 -J 2 j3 
mu +j 2 



\Z(m 12 + j2mu)(m 12 + j 2 m 11 - j 2 j 3 ) 
1 



mi2 -3233 
mu - j 3 



2j 3 



a(m 12 + j 2 j 3 )x 



(16) 



x 



V (mi2 + 32mn + j2h){m\2 + hm\\ + ^hh) 
V ( m i2 - hmii + J2j3)(^i2 - hrrni + 2j 2 h) 



mi2 + 3233 
mu +j 3 

m 12 + 3233 
m lx - j 3 



X 03 \m) = j 3 ^(3[^/ (m 12 - j2m 11 )(m 12 + j 2 mn + .72.73) 1^11 + 
+h) ~ V(m 12 +j2m 11 )(m 12 -J2TO11 + 3233)\m 11 - j 3 )] + 
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+ -a(m 12 ) 



\/{m 12 - j2Wn)(mi2 - -J2J3) 



mi2 -3i32, 
mu +33 



+ 



+ V( m i2 + j2m 11 )(m 12 + h^n - J2J3) 



+ 2«( m i2 + J2j3)x 



W12 - J2J3 

rail - J3 



+ 



X 



a/ ( TO 12 +72^11 +j2i3)(wi2 + J2TO11 + 2.72.73) 



+ a/ ( m 12 - + J2j3)(rai2 - 72^11 + 2j 2 j 3 ) 



a(mi 2 ) 



Wl2 + J2J3 

ran + j 3 

ra-12 + J2J3 
ran - j 3 

i 

;2™2 



+ 



[(rai 3 + ji.7'2.73) 2 - jfraf 2 ] (mf 2 - j|m| 3 ) 



P 



ra? 2 (4mf 2 - j|i|) 
(ra i3 + jij 2 j 3 )m 23 
rai 2 (mi2 + .72.73) 



Here we presented all generators of algebra so (4; j) though, as it has 
been noticed, it is sufficient to give only Xq±. 

Initial finite-dimensional irreducible representation of algebra so (4) 
is Hermitean. The representation (16) of algebra so(4;j) is irreducible, 
but, in general non-Hermitean. To obtain Hermitean representation, it 
is necessary to impose on operators (16) the requirement of Hermitic- 
ity: = —X^ u . It is difficult to find the restrictions implied by this 

requirement on the components of Gel'fand-Zetlin schemes. Therefore re- 
quirement of Hermiticity has to be checked up in any particular case for 
concrete values of parameters j. 

Considering variant (16), determined by (11), it turns out that com- 
ponents of scheme (6) satisfy inequalities 



. ra 23 
rai 3 > — 

3i33 



m 12 . m 23 
ra i3 > — > -tt— , 
33 3i33 



ra i2 
h 



> |ran| 



(17) 



operators X12, ^13, X23 are described by (2), where indices of parameters 
and generators have to be increased by one, and operators X k (k = 
1.2.3) are given by (16), where functions (3 and a{mi2) are substituted by 
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functions /?, 01(77712), which are as follows: 
5(mi 2 ) = 



b'K^is +hf - m 2 12 ](jfm 2 12 - m| 3 ) ^ 2 



g= (™;3+j 2 )m 23 (18) 

m 12 {m 12 + hh) 



3. Contractions of representations of algebra so(4;j) 

Let us consider representations of algebra so (4; ti, j 2 , js) = iso (3; j 2 , 
j'3) = {X fc} D so(3;j 2 ,j3). Let components 77713, m 2 3 are transformed 
according to (12), i.e. k = 77713 = ^ij2j3W* 3 , m 2 3 = j 2 m 23 . Operators of 
representation are described by (16) where 



a(m 12 ) = k\ ?}rf' m ?.A \ P= " m23 .. v (19) 

wi2( 4m i2 - 3i W J mi 2 (mi2 +J2J3) 



^From inequalities (15) for j 2 = j 3 = 1 we find < 1 77123! < 00 > m i2 > 
> |m 2 3|, |mn| < mi2, where mn, mi 2 , m 2 3 G Z; G R (the latter - 
from requirement of Hermiticity for Xqi). Spectrum of Casimir operators 



23- 



comes out of (12): 6*2(41 ) = k , C 2 (ti) = -fcm : 

If components are transformed according to (11), i.e. 777-13 = J2"7i3) 
s = m 2 3 = tij 2 jsm 23 then a, /3 are substituted for 



5( mi2 ) - is { ^1(^13 +J2) 2 - m|g \ 2 ^_ «(t»13+J2) ^ 
* m\ 2 (Ami 2 - J'lil) J ' "'12 (mi2 + J2J3) ' 



Inequalities (17) for j 2 = j 3 = 1 determine 77713 > mi 2 > 0, |mn| < 77712, 
77711, 77712, 77713 G Z, s G R. Spectrum of Casimir operators comes out of 
(11): C 2 (i 1 )=s\ C' 2 (i 1 ) = -sm^. 

For algebra so (4;j 1 ,j 2 , 43) = T 3 B so(3;ji,j 2 ), where T 3 = {X 03 , 
-^13,-^23} under transformation (12), i.e. k = mis = 3\32^vri{ ?) , m 23 = 
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= j2^23' V = m i2 = ^2^3^12) Q = m n = ^^^iij relations (16) determine 
operators of irreducible representations: 



X 01 \m) 



. kqm 2 3 

o 



m) + 



+ ^(p 2 -J 2 2 Q 2 )(k 2 -j 2 p 2 ){ 2\m)' p + 



\m) 



p(k 2 — jfp 2 ) 



\m)}, X Q3 \m) = i\ k 2 - jfp 2 \m) 



.km 2 3 



X 02 \m) = i^-^-^P 1 ~ ilq 2 \m) 
1 r ^k 2 -j 2 1 p 2 {2p\ m y q + 2j 2 2q \mY T 



2p 



-jl 



qk' 



p(k 2 — j 2 p 2 ) 



|m)}, |m) 



k 



v 

m 2 3 



P 
Q 



(21) 



The rest operators are given by (4) with obvious modifications. Spectrum 
of Casimir operators is C 2 (l 3 ) = k 2 , C' 2 {i3) = —km 2 3. 

Inequalities (15) for ji = j 2 = 1 imply < |m23| < oo, k > p > 0, 
\q\ < P, m 23 G Z, k,p,q G R. 

For transformation of components (11), i.e. mis = j'2^13, s = 
= ™23 = jij2^m 2S , p = m 12 = j2^sml 2 , q = ran = L 3 ml 3 , irreducible 
representation of algebra so(4;ji,j2, £3) is described by operators 



X 01 \m) = i Sqimi \ +h) \m) + ^ x /(jP - jh 2 )(j 2 i> 2 --s 2 )x 
p zp 



P 



p 2 - j 2 q 2 



\m) 



v ,~v .s(mi 3 + j 2 ) ^T,~ x 

A 02 |m) = 1 — 2 \jp 2 -Jiq z \m) 



(22) 
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^03 1 = -\J3\p 2 - s 2 |to), | to) = 

Components of scheme | in) satisfy inequalities implied by (11) for ji = 
= j 2 = 1: "7,13 > 0, p > \s\, \q\ < p, mis £ 1>, p,c[, s E R. Spectrum of 
Casimir operators is as follows: (^2(43) = s 2 , C 2 (t^) = — s ( m i3 + J2)- It 
follows from (4) and (22) that generators X13, X 2 3,X 3 G T 3 are diagonal 
in continuous basis | to). 

Rejecting to fix coordinate axes, we notice that algebra so (4; ti, 1, 1) 
is isomorphic to algebra so (4; 1, 1, t 3 ), and both these algebras are isomor- 
phic to inhomogeneous algebra iso (3). Isomorphism can be established by 
putting generator X^, \i < v in correspondence with generator Xs- v ,z-n 
of another algebra. Then operators (16) and (19) determine irreducible 
representation of algebra iso (3) in discrete basis corresponding to the 
chain of subalgebras iso (3) D so (3) D so (2), and operators (21) and 
(4) describe the same representation in continuous basis, corresponding 
to the chain iso (3) D so (3; 1, 13) D so (2; 63). The same assertion is valid 
for another variant of transition from representation of algebra so (4) to 
representations of algebra so(4;j), which brings to (16), (20) and (4), 
(22). 

It is worth of noticing that contractions of representations give an- 
other way of constructing the irreducible representations of algebras (gro- 
ups) with the structure of semidirect sum (product). 

Operators of irreducible representation of algebra so (4; ji, i 2 , jz) come 
out of (16) for j 2 = 12 and can be written as follows: 




X 01 \m) = i^^-\m) + f(k,p, s) ^2\m)' p + jf ^ 2 * j2 ^ \m)- 



~Ji 
. ks 



•2 V 



k 2 — jfp 2 



I to) ) , 



X 02 \m) = i—(\mu +33) + |n*n ~ 3s))- 
2p 



11 



~ — f(k,P, s)(\m 11 +j 3 ) - |mn - j 3 )), 

33 

k s 

X 03 \m) = i — (|mn -j 3 ) - \m u - j 3 )) +if(k,p, s)x 
x(|mn + j 3 ) + |mn - j 3 )), 



(23) 



f(k,s,p) = — \/(k 2 -j 2 p 2 )(p 2 -j 2 s 2 ), 



\m) 



k s 

P 
mn 



Components of scheme | m) satisfy inequalities: k > \s\, — oo < s < oo, 
k > p > \s\, — oo < mn < oo, k,s,p G R, mn G Z, if ji = j 3 = 
= 1. Spectrum of Casimir operators is as follows: 6*2(42) = k 2 + jfjfs 2 , 
C 2 (l 2 ) = -ks. 

For algebra so (4; ti, 12,33) operators of irreducible representation are 
given by (16) for j\ = ti, J2 = t2, i.e. 



Xoilm) = z 



. ksmu 



P 



k 

\ m ) + ' 



;2 e 2 



x ^2 

^02 1 m) 



m) ' P+jl p{p 2 -3h 2 ) 
ks 



|m) 



»2^(|mn + j 3 ) + |mn - j 3 ))- 



J3 2p 



^p 2 - j 3 s 2 (\m 11 + j 3 ) - |mn - j 3 )), 



(24) 



^03|?™) = «^-(l m n + h) ~ \ m n -h))+ 

2p 

ik I 

+ l^\J P 2 - jh 2 {\mn + j 3 ) + |mn - j 3 )). 

Components of scheme | m) for j 3 = 1 satisfy inequalities: k > 0, —00 < 
< s < 00, p > \s\, —00 < mn < 00, k,s,p G M, mn G Z. Spectrum of 
Casimir operators is as follows: C^i, 12) = k 2 , C' 2 {ii, 12) = —ks. 
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Irreducible representation of algebra so (4; ji, 6 2 , £3) is given by 




which come out of (16) for j 2 = l 2 , js = 13- For ji = 1 the components 
of scheme | m) satisfy inequalities: k > 0, —00 < s < 00, k > p > 0, 
—00 < q < 00, /c, s, p, q G R. Spectrum of Casimir operators are the same 
as in (24). 

Algebra so (4; n, t 2 , h) = T5 f so(2;j 3 ), where so(2;j 3 ) = {X 23 }, is 
isomorphic to algebra so(4;ji, t 2 , ^3) = T$ S> so(2; ji), so(2;ji) = {X i}, 
and they both are isomorphic to algebra a = T$ 1} K, where T5 is nilpotent 
radical, and K is one-dimensional component subalgebra. Therefore (24) 
determine irreducible representation of algebra a in basis, corresponding 
to the chain of subalgebras so (4; ti, 627.73) ^> so (3; 12,^3) supset so (2; j 3 ), 
where so(2;j 3 ) = {X 23 } is compact subalgebra with discrete eigenvalues 
mn, and (25) describe the same representation of algebra a in continuous 
basis, determined by the chain so (4; ji, l 2 , t 3 ) D so(3;i 2 ,i 3 ) D so(2;i 3 ); 
where (so (2; t 3 ) = {X 23 }) is already noncompact generator with continu- 
ous eigenvalues q. 

For ji = ti, js = 1,3 formulas (16) give irreducible representation of 
algebra so (4; l u j 2 , i 3 ): 



X 01 \m) 



. kqm 2 3 



x (2|m); +j| 



p(p 2 -jh 2 ) 



\m) , 



13 



■ km 2 3 



X 02 \m) = ^^^pyV - jW\ m )- 

^03\ m ) = ik\m), \m) = 



(26) 




Components of scheme | m) for j'2 = 1 satisfy following inequalities: k > 0, 
—00 < m23 < 00, p > 0, |(/| < p, k,p, q G K, 77123 G Z. Spectrum of Casimir 
operators are as follows: 02(1*1,1*3) = /c 2 , C 2 (ti,t3) = —km2j,- Three- 
dimensional contraction j = 1 turns (16) into irreducible representation 
of maximally contracted algebra so (4; t), described by operators 



k sc£ 

^oil TO )=^ — ^-\m) + k\m)' Xos\m) = ik\m), 

p 2 V 



. ks , 



Xo2\m) = i — \m) — k\m)' \m) = 
p 




(27) 



with eigenvalues of Casimir operators: C^t) = /c 2 , C' 2 {i) = —ks. Compo- 
nents of scheme | m) are real, continuous and satisfy following inequalities: 

k > 0, —00 < s < 00, p > 0, —00 < q < 00. 



4. Algebra so (n;j) 

In [10] we have discussed in detail possible variants of transformations 
of irreducible representation under transition from algebra so (4) to alge- 
bra so(4;j). For orthogonal algebras of arbitrary dimension we shall not 
consider all possible variants, but dwell on the (basic) variant, in which 
number of parameters j, on which components some row of Gel'fand- 
Zetlin schemes, diminishes with increasing of component number in this 
row. The transformation of components under transition from algebra 
so (n) to so (n; j) can be found from the rule of transformation for Casimir 
operators. Because orthogonal algebras of even and odd dimensions have 
different sets of Casimir operators, we shall discuss these cases separately. 
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Algebra so (2k + 2; j), j = (ji, ■ ■ ■ , jzk+i), is characterized by a set of 
k + 1 invariant operators [1] 



p-l 2(fc+l)-p 

^^=n^ 2 (Vi)-- n p =i ^ 

s = l l—p 

k 

c'k+iU) = Jk+i nii^2(fc+i)-i^'fc+i( — *■)• 

Gel'fand-Zetlin scheme for algebra so (2/c + 2) is as follows: 



, k, 



(28) 



i \ > 



TO l,2fc+l m 2,2fc+l 



m k,2k+l m k+l,2k+l 



m 



m 



1,2k 

l,2fc-l 
* 



fc,2fc 



fc,2fc-l 



l,2fc-2 
l,2fe-3 



fc-l,2fc-2 

* 

fc-l,2fc-3 



m 
m 



12 

* 

11 



(29) 



Irreducible representation as well as spectrum of Casimir operators on 
this representation are completely determined by components m* 2fc+1 of 
the upper row of scheme (29). Component ml 2k+1 enters spectrum of 
Casimir operator C| quadratically, and due to this fact in the basic variant 

2fc+l 

it is transformed according to the rule mi^fe+i = fn\ 2 k+i 1 I 3i- The 

transformation of the component m* 2 k+i coincides with transformation 
of algebraic quantity {Cfp/C^p-i)} 1 ^ 



2(fc+l)-p 

TOp, 2 fc+i = rn* p2k+1 \\ ji 

i= P 



m l,2k+lJp,2k+l- 



(30) 



Component m\ +1 2k+1 is transformed in the same way as the ratio C% +1 / 
/{C|fe} 1,/2 , i-e. m k+ i,2k+i = Jfc+i TO fc+i,2fc+i- Tll is relation comes out of 
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(30) for p = k + 1 as well as relation for transformation of component 
m* 2k+1 that comes out of (30) for p = 1. Thus, all components of major 
weight (the upper row) are transformed according to (30). Inequalities, 
which governed them in classical case, turns into 

m p ,2k+i > m P +i,2k+i 

Jp, 2fc+l Jp+l,2k+l 

mk,2k+i |mfc+i,2fc+i| 

Jk,2k+1 Jfc+l,2fc+l 

p=l,2,...,fc-l. 

Similarly, transformation of components of the row with number 2k 
of scheme (29) is determined by the rules of transformations for Casimir 
operators of subalgebra so (2k + 1; j2, js, ■ ■ ■ , J2k+i) an d given by (30), in 
which product of parameters ji starts with p + 1. In general the rule of 
transformation for components of scheme (29) can be easily found and 
turns out to be as follows: 

2(fc+l)-p 

«V2s + l = ^p,2s+l m p,2s+H Jp,2s+1 = Y\_ 3 h 

l=p+2(k-s) 

s = 0,l,...,fc, p= l,2,...,s + l, 

2(fc+l)-p 

TOp,2s = Jp,2 S m*2 s , Jp,2s = Y\. 3 h 

l=p+2(k-s) + l 

8 = 1,2, p=l,2, ...,s. 

The transformed components are governed by inequalities 

ra p ,2s+l fflp,2 S ^ m p+ i ;2s +l __ 19 __1 

<^p,2s+l <>p,2s Jp+l,2s+l 

^s,2s + l ?Tls,2s > |^s + l,2s+l| 
J S ,2s+l Js,2s Js+l,2s+l 

-p— > ~r — > T , p= i,2,...,s-i, 

^p,2s <^p,2s-l ^p+l,2s 

w s ,2s rn S;2s -i > m s ,2s 

J.s,2s J.s,2s-1 Js,2s 

16 



(32) 



(33) 



which for dual and imaginary values of parameters j are interpreted ac- 
cording to the rules described in [10]. 

Action of the whole algebra so (2k + 2; j) can be reproduced by giving 
the action of generators X 2 (k- s )+i,2(ks+i)i s = 1,2, 
X 2 (fc_ s ) ; 2(fc-s)+i7 s = 0, 1, . . . , k — 1. Transforming the expressions for 
these generators, which can be found in [7], we obtain 

s 1 

-X"2(fc-s)+l,2(A;-s+l)l m ) = / J ~j {A( m p,2s-l)\m p ,2s-l + 

p=l JP' 2 *- 1 

+Jp,2s-l) — A(m Pj 2s-l — ^p,2s-l)|"7,p,2s-l _ Jp,2s-l)}, 

S 1 

X2(k-s),2(k-s)+i\ m ) = iC 2 s\m) + {B(m Pj 2 S )\m Pj2s + 

1 J p,2s 
p=l *i 

+Jp,2s) — B(m Py 2s — Jp,2s)\m P) 2s + Jp,2s)j, 
s s+1 s 

^2s = Y\_ lp,2s-l Y\_ lp,2s + l Y\_ ^p,2s(^P,2s - ^p,2s) \ 
p=l p=l p=l 

B{m P)2s ) = | 11^,2-1 " Ihs^s) H^r,2s-ia~ 2 p , s ~ £ 2s ) X (34) 
k r —\ r=p 

V s+1 n \ 

X n^ r ' 2s + 1 ~~ lp,2 S b r ,p,s) Y\. ttr,2s+lb r ,p,s ~ lp,2s) f X 
r=l r=p+l ' 

p-1 

X < lp,2s(4l pj 2s ~ Jp,2s) X\(J 2 ,2s ~ ^p,2s C r,p,s)[(^r,2s ~ Jr,2s) 2 ~ ^p,2sC^ P)S l X 



81 

r=l 

1 

2 



S 

X II ttr,2s C r,p,s ~ ^p,2s)[(^,2s — Jr,2s) 2 C r ^ s — l p 2 s 
r=p+l 

1 f P_1 

^4("7,p,2s-l) = |^J(^,2s-2 — ^p,2s-l«r,p,s-l/2 — ^r,2s-2)>< 

s-1 

x (/ r ,2s-2 + ^p,2s-ia rjP;S _i/2) (lp,2s-2<l r ^ 8 -l/2 ~~ ^P,2s-1 — 



r=p 



17 



-J p! 2s-l)(lr,2s-2a r p S _ 1/2 + Zp,2 fl -l)x 
P 

x JJ^r,2s — lp,2s-lb r ,p,s-l/2 ~ Jr,2s)(lr,2s + 
r=l 

s 

+Jp,2s-l&r,p, 8 -l/2 ]^[ (^,2 S & r) p 5S _ 1/2 - lp,2s-l - Jp,2s-l) 



X 



r=p+l 



x(lr,2sb r ^ s _ 1/2 + l p ,2s-l)\ I! ( Z ?,2-l C rj,.-l/2-'J,2.-l)>< 



r=p+l 



X [^r,2s-1 _ (^r,2s-l + ^p,2s-l)c^p )S _ 1 / 2 ] ^r,2s-l C r J, s -l/2 _ 

r=p+l 



^,2s-l)[K,2s-l c r 2 p,s-l/2 (^P,2s-1 + ^p,2s-l)' 

Q>r,p,s = Jr,2s — l/ Jp,2si ^r,p,s = Jr,2s + l/ Jp,2si 
C r ,p,s = Jr,2s/ Jp,2si lp,2s = ™p,2s + (s — p + l)</p,2s- 

For algebra so (2k + 1) GePfand-Zetlin scheme | to*) coincides with 
(29) with deleted row with number 2/c + 1. The upper row, determining 
the components of major weight, now is the row with number 2/c; its 
components satisfy inequalities to^ 2fc > to?, 2 fc — ' ' ' — m & 2fe — 0- Under 
transition from classical algebra so (2k + 1) to algebras so (2k + j = 
(ji, . . . ,j2k) the components of scheme | to) are transformed as follows: 

2fc+l-p 

TO Pi 2s = m p,2 S Jp,2si Jp,2s= \\ jl, 

l=p+2(k-s) 

2fc+l-p 

TOp j2s _l = TO* )2s _i Jp,2s-1, Jp,2s-1 = ] } jl, (35) 

Z=p+2(fc-s) + l 

s = l,2,...,fc, p=l,2,...,s. 

Let us draw attention to the fact that the lower limits in the product, 
determining Jp ; 2 S , Jp,2s-i, have changed in comparison with (32). This 
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is due to the diminishing of the number of parameters j by one in the 
case of algebra so (2k + 1; j) in comparison with algebra so(2(k + 1); j). 
Components of the upper row in scheme | m) satisfy inequalities 

mi 2k . m 2 ,2k . . rn k -i,2k . rn k ,2k . n , OR , 
-j > -j > > -j > -j > 0, (36) 

Jl,2k J2,2k Jk-\,2k Jk,2k 

and the other components are governed by inequalities (33) , which param- 
eters Jp : 2st Jp ,28-1 are defined according to (35). Operators of irreducible 
representation of algebra so (2k + are given by (34) with parameters 
from (35). 

Operators (34) satisfy commutation relations of algebra so(n;j). 
This can be checked up by straightforward calculations as well. The irre- 
ducibility of representation is implied by consideration of action of rising 
and lowering operators on vectors of major and minor weights and non- 
zero result of this action for dual and imaginary values of parameters j. 
Though the initial representation of algebra so (n) is Hermitean, the rep- 
resentation (34), in general is not such. Requiring the fulfillment of con- 
dition X^ v = —X^ u , we find those values of transformed components of 
Gel'fand-Zetlin scheme, for which representation (34) will be Hermitean. 

It is worth of noticing, at last, that for imaginary values of parameters 
j the relations (34) give irreducible representations of pseudoorthogonal 
algebras of different signature. 

The authors are grateful to Yu.A. Danilov for helpful discussions. 
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